IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Toppling distributions in one-dimensional Abelian sandpiles

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 L1257
(http://iopscience.iop.org/0305-4470/25/22/006)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.59
The article was downloaded on 01/06/2010 at 17:32

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/22
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys, A: Math. Gen. 25 (1992) L1257-L1264. Printed in the UK
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Toppling distributions in one-dimensional Abelian sandpiles
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Abstract. We consider toppling distributions for the Abelian sandpile model in one
dimension. We study the avalanche mass and duration distributions in the thermodynamic
limit. We also investigate their dependence on the seeding distribution, which describes
how sand is dropped. None of the models shows criticality.

Over the past few years, sandpile models have received much attention as they are
among the simplest models showing self-organized criticality {SoC). The concept
of sOC was introduced by Bak, Tang and Wiesenfeld as an attempt to explain
the occurrence of power laws in various and many natural phenomena [1]. These
authors sugpested that the dynamics involved may be such that it drives the system
to criticality, without the adjustment of any parameter. In some sense, critical points
would be attractors for the dynamics.

Sandpile models are discret¢ models defined on a jattice and possess a cellular
automaton type of dynamics. A general analysis of the critical height models was
undertaken by Dhar [2]. He showed that the sandpile automaton features an Abelian
group (hence the name Abelian sandpiles) and obtained a simple characterization of
its critical state. Intensive numerical study, mainly of two-dimensional models, has
provided much numerical data, including critical exponents [3-7]. On the theoretical
side, much progress has been done and exact (though partial) results are available
[2,8-11]. They show that in dimension d 3> 2, the sandpile models are ctitical, in
the restricted sense that they exhibit power laws. In one dimension, the SOC state
(we keep the name although the model does not show criticality) is 51mple enough
io auuw VCIy cxpuu[ LdILUIdLIUl'lb wnuc CUlTCldIlOIl lllHC[lUﬂb arc [l'IVldl, we show in
this letter that the toppling distributions, though not critical, are not trivial.

We consider a linear chain of length L, with sites numbered 1 to L. To each site
i, we assign a variable z; taking the values 0 and 1. (z; is the ‘height’ of the sandpile
at i.) A stable conﬁguratlon C is a set of values z;, : = 1,..., L. We denote by §

e space of all stable configurations, in number equal to 2. The dynamics of the

mndal o Aafinad ac fnllawe
LIUUC: IS ULainou as 0o,

(i) With probability pj» add a ‘grain of sand’ at site j, that is z; — z; + 1 and
z; — z; for i # 5.

(ii) If some site i has z; 2 2, it is critical and topples. In doing so, its
height is reduced by two units of sand and each of its neighbours receives one
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unitt z; — 2; —~2, 2,4, — z;4y+ 1,2, — 7 if k% 4,¢ 3% 1. When all the critical
sites have toppled, we are left with a new stable configuration.

Note that under toppling, the quantity of sand is conserved, except if one of either
end sites topples. In that case a grain of sand falls off the lattice. A toppling matrix
A is usually introduced which specifies the way sand is redistributed when a toppling
occurs: under toppling of site i, 2, — 2, — A,;,. In our case,

2 fi=k
A‘-k={-—1 if li-kj=1 (1)
0 otherwise

which is nothing but the discrete Laplacian in one dimension. It is also convenient to
define operators a;, j=1,..., L, which carry out the two aforementioned steps: a;
adds one grain at site 7 and let the configuration relax to a new stable configuration.
(The a; generate the Abelian group alluded to earlier.)

When the dynamics is applied to some initial configaration, only the recurrent
configurations keep occurring. They are those configurations which are obtained by
acting with all the a; on the configuration C* = {z; =1 for all i}. We denote by R
the space of recurrent configurations. The soc state of the sandpile is the stationary
state: it assigns a zero probability to a non-recurrent configuration, and is a uniform
distribution on R [2].

Each time one of the operators a; is applied, a certain number of topplings take
place before we return to a stable configuration. In addition the avalanche takes
some time before it settles down, These two quantities, the mass and the duration of
an avalanche, are random numbers. Here we compute their probability distribution
in the SOC state.

For the one-dimensional sandpile model, the space R can be very explicitely given:
it has cardinality L + 1 and contains all the configurations with at most one height
equal to 0. They can be all written as a%+!1=1C* = of+'=/C* with 0 < I < L. The
configuration e¥+!'~!C* has no 0 if { = 0 («L*+!C* = C*), and has one 0 at position
I otherwise:

glatlC) =1-6,;  1<i<L. @)

Seeding at site j is implemented by the operator a;, and satisfies a; = al = o,
so that the group genecrated by the ; is cyclic of order L + 1. Because each of
the recurrent configurations has probability 1/( L + 1) in the SOC state, it is a trivial
matter to obtain the correlation functions (i, # 74, # - -- ¥ 7,.)

r—1

((z;, = (=)=, — (zj)...(zir —{(2)))g = “Try 0 L — . 3)

Following Creutz [9], we define the quantity T;;(C), which is the number of
topplings occurring at site ¢ during the relaxation of a;C. T;;(C) satisfies the
following equation, valid for any stable configuration C [9]

z(a? C) = 2,(C) + & ; = Ay, T, (). @)

For C = al*1='C* in R, by using (2) and the inverse (A~');; = min(i,j) —
ij /(L + 1), we obtain the following explicit form of T;;(C), symmetric in ¢ and j:
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71;~(G.L+l—tc‘)
min{Z, j) + min(i + j,1)—i—j ifi,7 <1
—{min(i,j)+min(i+j,L+l-l)—(i+j+l) ifi,j>1 )
0 otherwise.

Let S be the random variable counting the number of topplings (or mass of the
avalanche) per added particle, computed in the space of recurrent configurations.
The probability to observe exactly s topplings when one grain of sand is dropped
randomly, with a uniform distribution (p; = 1/ L) is given by

L
Prob [S = s] =ij Prob I—ZTU = s]
=l L 4

©)
1 L L L it
j=11i=0 f=]
From (5), we obtain the total number of topplings when aZ+!-!C* relaxes
L . . .
— <
Zﬂj(alﬂl-l—lcm):{.’(l .7) ‘ ] lf\l (7)
rr (L+1-H)0G -0 ifj21L

It is clear from (7) that Prob[S = s] will strongly depend on the factorization
properties of s. We obtain from (6) and (7) '

1
m for s =0
Prob[S = 5] = 1 . ®
—--~—-———L(L+1){20ard{d.d|s and d+ s/d g L}

tcard{d:d|sand d+ s/d= L+ 1}].

The value at s = O is clear since there are L configurations which do not produce
any toppling at all if their zero-height site is seeded. We note that the value s = 0 is
always more likely than any other value. Let us also note that the maximal value of
S is

HE(L+2)) if Liseven

smax = H 7 . . (9)
Li((L+1)%) if L is odd,
This maximum is reached when the minimally stable configuration C™ is seeded at
its centre, or at one of the two most central sites if L s even.
The mements of .S are easily computed. The first two read

(S) = (L_-i-_ligﬁr_Z)_ (10a)

_ (LA DL+ QL+ 4L+9)

o2
(5%) 180

(105)
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while the others can be computed in terms of the Bernouilli polynomials, with leading
term

mi 2
)= nw g)(;)m Tl ety mo. an

Let us now consider the infinite-L limit of the renormalized random variable
S/Le. If a > 2 or a < 2, the distribution of the renormalized variable 'is trivial,
being a delta function at zero or at infinity respectively. For a = 2 however, the limit
is non-trivial. Let us define Y = lim,_ . S/L% From (9) and (11), it is clear that

Y is a continuous random variable taking its values between 0 and %, and that all its
moments are finite:

(m!)?
{(m+ D2m+ 1)1

(Ym) = (12)
By Carleman’s theorem [12], the moments (i2) define a unique probability
distribution.

It is straightforward to compute the density function of Y. The characteristic
function is

) 1
xr() =) =z [ (et a3

from which the density function f,(y) (corresponding to uniform seeding) is
recovered by inverse Fourier transform

14 /T4y .
2lop ———e= fogyg!
fuly) = { PR gy YSa (14)
0 otherwise.

The function f, has a logarithmic singularity at y = 0, a remnant of the high
probability of observing no toppling at all. At y = %, f.(y) vanishes like a square
root f,(y) ~ 41— 4y. The shape of f is pictured in figure 1.

Table 1. Density functions for the avalanche mass and duration distributions in the
thermodynamic limit, depending on the sceding distribution. The functions are zero
outside the range showed on the top line.

Seeding dist. Avalanche mass (0 € y £ 41) Duration (0 € t < 1)
Uniform fuly) =2log 1+ \/_“1_43} gqu{t) = 2t
Binomial fo(y) =4 gu(t) = 2I 1 (t)
. 14+ /14y 2 3
Quadrat| = flog ———== — 124/1 — 4 1) = 6t — 12¢° 4 8¢
uadratc fq(y) E 1— m Y .‘J’q( )

One may wonder whether the asymptotic distribution (14) is robust with respect to
the seeding distribution p,. In order to investigate this question we repeat these steps
for other distributions. The moments of S can be given in all generality. From (7),
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Figures 1 and 2. Graphs of the toppling distributions in the soc state, namely the
avalanche mass (Jeft) and the avalanche duration (right), as given in table 1. The thick
full curves relate to the uniform seeding distribution, the thin full curves to the quadratic
and the broken lines to the binomial,

they can be written as an expectation value with respect to the seeding distribution
p;» provided this one is independent of the configuration being seeded:

1 :m : N .
(Sm)=(L+l)(m+1)(J Bm+1(L+I‘“.7)+(L+1_J) Bm+l(.7+‘1)
- jm Bm+l - (L +1- j)mBna-{-l)seeding (15)

where B (2} = &™*+! + ... is the (m + 1)th Bernouilli polynomial and Boa=
B,,41(0) is the (m + 1)th Bernouilli number [13].

We will use the same method as for the uniform seeding distribution. The
expression (15) is usually a polynomial in L (in the limit of large L), of which
we pick out the highest power, which is L?™ if the kth moment of p; scales like
Lk, We set (j*’)mding = a,L* + O(L¥~") and (§™) = ¢, L¥™ 4+ O(L?™""). In
addition to the uniform distribution p; = 1/L, we consider the following two: the
binomial distribution, which gives more weight to the centre of the lattice, and a
centred quadratic distribution, which, on the contrary, privileges the two edges. We
include the earlier data about the uniform distribution:

uniform:
_i - 1 _ B(m+1,m+1)
T F TRy T mi1
binomial:
L-1 4-m
. == 2~(L-1) s =
quadratic:
_REL+1)/2-35) 0. — 32+ k+12)
Pi= T - T D(E+ D) (k+3)

. = 6B(m+2,m+2)
m = (m+1)2
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where B(m + 1,n + 1) = miIn!/(m 4+ n + 1)! is the Euler beta function.

In all three cases, we define the renormalized variable ¥ = lim,_  S/L%
Clearly, the moments of Y are just the coefficients ¢, displayed in (16), (Y™} = ¢,
In each case, we compute the characteristic function of Y and take its inverse Fourier
transform to obtain the density function f(y), noted respectively by f,, f, and fo
The results are given in table 1, and in figure 1.

The various distributions can be well understood from (7). When a configuration
is seeded at site j, the total number of topplings s is small if j is close to 1 or to L,
while a value of j around L/2 gives a maximum number of topplings. The binomial
distribution favours large values of s and suppresses small values of s. Therefore in
the thermodynamic limit, when compared to the uniform distribution, the binomial
smoothes out the logarithmic singularity at y = 0 of f, and takes the curve up
at y = 1, the result being just a uniform distribution, f,(y) = 4l 174(y). The
quadratic dlsmbutnon does the converse, and so f, keeps the singularity at y = 0,

but at y = 1, it vanishes much faster than f,, namely fq(y) 4(1 - 4y)*/2,

We have also considered a deterministic seeding at j = 1, that is p; = §; ;, which
puts an exaggerate weight on the smail values of s. In fact, so much that the maximum
value s, i5 L instead of L?/4. This combined with the value (j*},.q;, = 1 (DO
scaling in L) produces a uniform distribution on [0, 1] for ¥ =lim,_  S/L

We now turn to the avalanche duration disttibutions. The duration will be defined
as the number of times the lattice needs to be swept before the sandpile settles in
a stable configuration. If the seeding at j produces no toppling at 2ll (z; = 0), the
duration is zero. Take for instance L = 6 and the configuration (1,1,1,1,0,1) seeded at
j = 2. The duration is 4 (1,2,1,1,0,1) — (2,0,2,1,0,1) — (0,2,0,2,0,1) —
(1,0,2,0,1,1) — (1,1,0,1, 1, 1).

It is easy to see that if the recurrent configuration a+!-!C* is seeded at site j,
the duration d; of the avalanche is (0 < I < L)

-1 ifj <1
d;(a™*'"1C*) = {0 if j=1 a7
L-1 if 5> L.

Let D be the random variable giving the duration of an avalanche per added
particle (in the space of recurrent configurations). We first work out the case of a
uniform seeding distribution, p; = 1/L. From (17), D takes its values between 0
and L, with a probability given by

L L
Prob[D = d] = L(L+1)226(d=dj)

j=11=b
1
m ford—O,L 8
- ——-——-2d dg L-1 “
for1<d< L—1.
L(L+ 1) orts

It is straightforward to compute the moments of D. For large m, they scale
like L™: (D™) = 2/(m +2)L™ + ..., which suggests defining the renormalized
variable T = lim;_,., D/L. The values of T run over [0,1] and its moments are
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(T™) =2/(m + 2). We then find that the density function g,(t) of T is linear

2t for0gt<1

19
0 otherwise. (19)

gu(t) = {

Unlike the distribution for the number of topplings, the duration distribution is

not very sensitive to the seeding distribution, as we might have expected. Similarly

to (15), the moments of the finite L variable can be computed for a general seeding
o

Peihiittos wadbls tha maoait
distribution, with the resuit

1
(L+D(m + 1)<Bm+l(L) + B, (L+1)

- Bm+l(j) - Bm+l(L +1- j))seeding' (20)

In the large L limit, the equation (20) simplifies to (D™) = 2L™ [(m + 1}][1 —
{ j"‘“)mding] in case the seeding distribution is symmetric around the centre of the
lattice, p; = pp ;. From the moments qf p; displayed in (16), we obtain the
moments for the renormalized variable T = lim,_,  D/L

(D™) =

2

my o __“ (1 _a—(m+])
(T )bmomal m+ 1(1 2 )

[ 3 6 4] “
(T )quadralic=2 7n+2_m+3+m-+4J'

The corresponding density functions gy(¢) and g,(¢) are polynomials in #, constant
for g, and cubic for 9q- They are shown in table 1 and in figure 2.

Finally, it is interesting to compare the distributions computed in the space of
recurrent configurations with the analogous quantities, computed in the space of all
stable configurations, for which c¢ach site assumes the values 0 and 1 with equal
probability and independently of the other sites. We restrict ourselves to a uniform
seeding distribution.

We omit the details and merely give the results. The variables S and D are
defined as earlier. The striking difference is that even when L goes to infinity, the
moments of § and D remain finite. For example the first moment of S reads

_ 4 L+4_ _,
(S)_Z—E-+——E—2 . 22)

As a consequence, we can define Y =lim;__ § and T = lim;_, ., D, without
any renormalization, so that in the limit, the random variables Y and T remain
discrete and take their values in Z_. We find that the density function of Y is

fory=40
Z 2~ {k+y/k) fory>1 23)
k21

kly

Prob [Y = y] =

[T CoT S Ed

% fort =10
Prob[T'=1] = 427 fori>1 @4
q = &
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Due to its arithmetic nature, the function Prob[Y = y] has no asymptotic
behaviour. Hence we consider the distribution function Prob[Y > n], and the
same function for T'. We find

Prob{Y > n] ~2y/nk (2y/mln2) ~ /ﬁ:’—zn‘/“e"zﬁ B2 jarge @5)
and
Prob [T > n] ~ Lne~n 2 n large. (26)

It is intriguing to note that they are close to satisfy the scaling relation T' = /Y.

In conclusion, it is somewhat remarkable that the distributions show non-
trivial functional form, despite the simplicity of the model. We found_that the
duration distribution is not very sensitive to the seeding distribution, unlike the mass
distribution which is more sensitive. This can be compared with the two-dimensional
situation where neither distribution is expected to be very dependent on the seeding

[7)-

While completing the manuscript, we received a work by F Pythoud [14] which
partly overlaps the results presented here. We would like to thank Deepak Dhar
for comments on the manuscript and for sending us {14]. PR also wishes to thank
Anatoly Patrick for helpful discussions.
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